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Introduction
Urban economists often use density functions to describe the spatial patterns of settlement within cities and to examine their changes over time (Muth, 1969; Small and Song, 1993) . Density functions relate population (or worker residence) per unit area within city to the distance(s) from the center(s) of the city. The economic model underlying these density functions is a static equilibrium model, in which households value access to urban center(s) and maximize their utilities by trading off transportation costs and land rents. Put differently, urban households choose locations to maximize their welfare according to commuting costs, space consumption, and their income. Access to center(s) is reflected land rents. Hence, the closer to the center(s), the higher the rent is. In turn, higher rents reduce space consumption, leading to higher densities.
In the literature on density functions, almost all analyses assume monocentricity of urban structure. The standard mon~entric m~el, however, has been thought to be a poor description of large metropolitan areas. Several recent studies have demonstrated the presence of multiple employment centers in such areas (McDonald, 1987; Cervero, 1989; Giuliano and Small, 1991) . Studies using the monocentficity assumption thus might lead to distorted understanding of spatial structure.
The polycentfic nature of urban structure has been incorporated into empirical work on density analyses (Gfiffith, 1981; Gordon et al., 1986; Small and Song, 1993) . Gfiffith was unable to detect the effects of employment subcenters on population in Toronto in 1971. Gordon et al. have examined the distributions of population and employment with a polycentric model for the Los Angeles area. They found that the polycent_fic model fits better than the monocentfic model for the population and employment distributions. Their study, however, lacked statistical tests between these two models, and analyzed population based on population centers rather than employment centers. Small and Song use density functions to examine spatial patterns and their changes during 1970s for the Los Angeles region. Using small-zone data, they estimate monocentfie and polycentric density functions for employment and population, for 1970 and 1980. They find that polycentric density functions fit statistically better than monocentric density functions, mad there was some shift in employment distribution toward to a more polycentric pattern. Their findings statistically verify the existence of polycentricity in the Los Angeles region, both for employment and population distributions. This paper extends Small and Song (1993) by using three density functions: monocentric, polycentric, and dispersive. A polycentric density function generalizes the standard monocentric model by assuming that urban residents value access to all employment centers in their location choices° A dispersive density function further generalizes the. polycentrie model by assuming that urban residents not only value access to employment centers but also value access to the overall job opportunities in their location choices. Recent studies have shown that most employment is located outside major employment centers (GiuHano and Small, 1991; McDonald and Prather, 1991) . employment centers on location choices might be limited.
Hence, the importance of This paper examines the effects of employment centers and accessibility to the overall employment opportunities on the spatial patterr~ of worker residences. It analyzes resident workers rather than population because location theory really relates the former to employment opportunities.
Density Functions
This section presents three different density functions for modelling urban structure.
First, it uses the standard monoeentric model. Second, it employs a polycentric model suggested by Griffith (1981) , assuming that worker residences are distributed in a pattern consistent with several employment centers, not just one. Third, it formulates a more general model, called a dispersive model, which assumes that urban workers value accessibility to all jobs, no matter where located, in their residence choices.
MonocentHc Density Function
The assumption of rnonocentdcity in urban form has been used in almost all analyses of urban structure (McDonald, 1989) . Households value access to the center and trade off this access with housing costs to maximize their utility. As a result, urban residents are distributed in a circularly symmetric manner with density function f(r), where r is the commuting distance or time from the center.
It is easy to show that the density function f(r) has a negative slope. The closer to the center, the higher the land rent is. The higher land rents are reflected in higher housing costs, indicating that housing prices are negatively related to the commuting distance or time to the center, ceteris paHbus. But higher housing prices reduce housing consumption because housing is a normal good. Hence, residential density is higher where housing prices are higher, which in turn implies that density is negatively related to commuting distance or time from the urban center. Muth (1985) and Mills and Hamilton (1989, pp. 112-114) that this result still holds when some employment is decentralized.
In the monocentric city literature, the only density function form that has been derived theoretically is the negative exponential density function 0Vluth, 1969, chpt.4; Mills and Hamilton, 1989, appendix A; Papageorgiou and Pines, 1989) . The negative exponential density function is also the most commonly used and supported by empirical studies (Muth, 1969; Mills, 1972) . Straszheim (1974, p. 445 ) stated "all existing empirical evidence indicates that densities at different distances from the city center can be approximated by the negative exponential, and that this function provides as good as any other nonlinear form."
McDonald and Bowman (1976) conducted a test on ten different density functions based the: two criteria of maximum explanatory power in standard analysis and accuracy in preAicting total population in the urbanized area. They conclude that no single function will best describe population distribution for all urbanized areas, and the negative exponential density function is not surpassed by other functions.
The negative exponential density is used in this paper, and is written here as
where Di is the worker residence density at commuting distance or time r~ to the single urban center, Do and g are parameters to be estimated from the data by ordinary least squares after taking the natural logarithm of equation (1), M is the sample size and eU~ is mulfiplicative error term associated with zone i.~ Theoretically, Do is the density extnipolated to the urban center, and g is the density gradient measuring the percentage fall off in density for a unit increase in distance from the central business district (CBD).
Polycenwic Density Function
The assumption of monocentr/city has been relaxed in a number of theoretical studies (White, 1976; Odland, 1978; Sasaki, 1990) . Several recent empirical studies have also demonstrated the presence of employment subcenters in large American cities (McDonald z I987; Cervero, 1989; Giuliano and Small, 1991) . For example, Giuliano and Small (1991) have identified 32 centers for the Los Angeles region in 1980, based on simple intuitive criteria on employment density and total employment. The polycentr/c nature of urban structure has been also incorporated into the density analyses (Griffith, 1981; Gordon et al., 1986; Small and Song, 1993) .
The natural extension of the monocentric model is to assume that workers value access to all employment centers in their location decisions. Hence, a polycentric model can be formulated by assuming that worker residences are distributed in a pattern consistent with several employment centers, not just one. At a given location, densities are functions of commuting distances or times to all employment centers.
This paper uses an additive density function which has been suggested and estimated by Griffith (1981) , Gordon et al. (1986) , and Small and Sor~g (1993) :
where N is the number of employment centers in an urban area, r,; is the commuting distance or time from center n to zone i, v i is an error term associated with zone i, 3 a°a nd b, are parameters to be estimated for each employment center n. This specification of the polycentric model assumes that density at any location is the sum of negative exponential 5 density functions, each reflecting the influence of a center on that location.
When the intercepts of all centers except one are zero, the polycentric form collapses to the monocentric form. Therefore, I can perform statistical tests on hypothesis that the polyeentric model explains the actual distributions better than the monocentric model. I can also examine the impact of an individual employment center on the worker residence distribution and test the significance of each center n in explaining the overall density pattern by means of F-test on its parameters a, and b,.
DL~persive Density Function
The share of employment in majors centers is not large. For the Los Angeles region, the 1980 journey-to-work data show that 18 percent of employment is located in 6 major centers defined later in this study. Using the same data, Giuliano and Small (1991) show that only 32 percent of employment are located in 32 centers they identified. These facts may indicate that the importance of employment centers on residential location choice is limited.
A more general urban pattern can be formed if workers not onIy value access to employment centers but also value access to the overall job opportunities in their location choices. In this paper, I assume that worker residence densities are a function of accessibility to all job opportunities in the region, and formulate a more general density function as the following,
where D~ is the density of worker residences in zone i, Ai is the accessibility of zone i to employment opportunities in all zones, and ~i is an error term. oq and ~2 are parameters to be estimated.
The variable A~ measures the potential of employment opportunities that can be reached from a given location. It is defined here as a negative exponential function of commuting distance or time to other locations weighted by the amount of employment at each location. This specification is recommended by Ingrain (1971) as the most suitable form for determining the accessibility at a given location, and is used by Hansen (1959) and Dalvi and Martin (1976) .
Denote rlj to be the commuting distance or time from i to j, and Ej to be the amount of employment in zone j. Accessibility at zone i (A.~ can be expressed as E where c~ is a parameter to be estimated measuring the resistance of space separation and E=E.~ is the total employment in an urban area.
In the model specified by equation (3), no employment centers are defined; but each zone is like a center because urban workers value the accessibility to the job opportunities in that zone. In line with the monocentric and polycentric models, I call this the dispersive model. In fact, a parallel can be derived. First, the dispersive form collapses to the monocentric form if employment is assumed to be located entirely in the central business
where D0=e~ and g=o~c~2.
polycen~c form when ~2 = 1.
Second, the dispersive form beeomes a special case of the Substituting equation (4) and az= 1, equation (3) becomes where ai=(ea~/E)~. Like a center in the polycentric model, each zone in the dispersive model exerts some influence on worker residence distribution. Including a2, the dispersive model has three unknown parameters; the other two are oq and a. Hence, it has many fewer parameters than the polycentric model.
When c~2 is not equal to one, the relationship between the dispersive and the polycentric models becomes less intuitive. The economic behavior underpinning the dispersive model, however, is still clear. That is, urban workers value accessibility to employment both within and outside centers in their residential location choices. In this sense, the dispersive model generalizes the polycentric model.
Data
The study area consists of five counties in the greater Los Angeles region, covering the urban parts of Los Angeles, Orange, Riverside, San Bemardino, and Ventura counties.
The geographical unit is traffic analysis zones (AZ), defined by the Southern California aggregates of census blocks, and their boundaries are determined by functional traffic characteristics; but they need not have a fixed population. Hence, they reduce the "censustract delineation bias" observed by Frankena (1978) This research analyzes 4.53 milIion workers who both live and work in the 1124-AZ study area. Since location theory really only considers resident workers and since only employed individuals commute to work, this paper analyzes resident workers rather than population.
Data on zone-to-zone commuting distances and times are extracted from the data created for the Urban Transportation Planning Package (UTPP), which is calibrated based on a peakperiod representation of the road network.
The data used in this study are the same as those in Giuliano and Small (1991) but different from those in Small and Song (1993) . Small and Song instead use data obtained from the California Department of Transportation (Caltrans) which provide information population and employment for the same system of analysis zones. This study uses journey-9 to-work census data because it analyzes worker residences rather than population.
Empirical Results
Prior to density estimation, I identify employment centers in the region. McDonald This research uses a version of McDonald's definition suggested by Giuliano and Small (1991) , because it incorporates adjacent high-density zones and restricts attention centers large enough to exert a potentially significant influence on the urban structure in a metropolitan area. In order to have a manageable number of employment centers in density function estimation, I use criteria of /)= 15 and ~'=35,000.
identified based on these criteria. They are listed in Table 1 .
Six employment centers are
Among the six centers identified, five are located in Los Angeles County and one, Santa Ann, is located in Orange County.
Monocentric Density Estimates
The monocentric density function of worker residences is estimated by ordinary least squares, after taking the natural logarithm of equation (1). Seven zones with zero density worker residence are deleted, leaving 1117 observations in the regression. Table 2 presents the estimated monocentric density gradients, with respect to center downtown Los Angeles. 5
The density gradient estimates show that worker residence distribution was quite fiat in 1980 in the Los Angeles region. Based on distance, g=0.0457, implying that worker residence density falls off at 4.6 percent per mile increase in distance from the urban center. Based on time, g=0.0306, implying that worker residence density falls off at 3.1 percent per minute increase in commuting time from the urban center. 
Polycentric Density Estimates
The polycentric density function is estimated by nonlinear least squares. An issue which arises here is the problem of spatial multicollinearity in regression models because the polycentfic density function includes several distance variables (Heikldla, 1988 with most centers having statistically significant estimates for both the distance and time measures (Table 3) . A common symptom of a multicollinearity problem is a high R'-value with insignificant estimates.
The estimates presented in Table 3 support the existence of polycentricity; both intercept and gradient are statistically significant at a 5 percent level (l-sided test, i.e., with t> 1..64) for five of the six centers. The formal test for the polycentricity, however, is based on the statistic
F ---(SSR" -SSR V)/q (7) SSR U/(M-p)
where; SSR r and SSI~' are the restricted (monocentric) and unrestricted (polycentric) of squared residuals, M is the sample size, p is the number of parameters being estimated in the unrestricted estimate, and q is the number of restrictions on these parameters in the restricted estimate. I cannot make a center-to-center comparison between my polycentric estimates for worker residence distribution and those by Small and Song (1993) for population distribution, due to the different centers included in the models. 7 The general conclusion, however, is the same; the polycentfic model explains the actual distribution statistically better than the monocentric model. In addition, I observe that these two studies have similar R--values.
Usinga distance measure, I have R-'=0.481 for a six-center model; Small and Song have R'=0.498 for an eight-center model.
Dispersive Density Estimates
The dispersive density function (equation 3) is a nonlinear regression model with respect to parameters (So, cq, a), because o~ is an unknown parameter in the definition accessibility (A). It is extremely difficult to directly estimate this nonlinear regression model, because the independent variable A is the sum over 1124 zonal terms and each of those terms contains parameter a in its exponent.
A grid search is a feasible strategy, since ot is the single parameter that causes the nonlinearity in the regression model (Greene, 1990, p. 364 )° The search seeks and 13 minimizes the sum of squared residuals (SSR) for all of the parameters by scanning over values of c~ for the one that gives the lowest SSR. For a given value of o~, the dispersive density function becomes a linear regression model after taking the natural logarithm of equation (3); for a given a, Ai can be computed, and remaining parameters can estimated by least squares. In turn, the sums of squared residuals and coefficients of determination (R 2) can be obtained. Scanning over a range of a, the best value of a is chosen as that with the lowest value of SSR and the highest value of R~, based on some desired precision. The associated least squares estimates of parameters (or0, oq) and their standard errors are then estimated.
The grid search proceeds with or=0, 1, 2, ... K, where K=10, then c~,~,.~-I to c~m,~+ 1 in increments of 0.1, and so on, until the desired precision is achieved. The parameter c~m, is the value of ~ that has a highest R~-value for each round of grid research. The grid search continues until the coefficient of determination (R~) does not change in its third decimal point. Table 5 shows the results: with a distance measure, ot=0.499 per mile and R2=0.560; with a time measure, a=0.211 per minute and R2=0.557.
Comparing the monocentric results (Table 2) , the dispersive density function has considerably higher coefficients of determination (R-'). Hence, the dispersive model explains the actual distribution of worker residences much better than the monocentric model. To test whether the dispersive model is statistically superior to the monocentdc model, a likelihoodratio test for non-nested hypotheses developed by Vuong (1989) was performed. The test described in the Appendix. The null hypothesis is that the dispersive model is equivalent to 14 the monocentric model. Test results give Vuong's value of 6.05 based on distance and 6.46 based on time, rejecting the null hypothesis at a significance level of 0.0001 in favor of the dispersive model.
The dispersive model not only fits better but also has many fewer unknown parameters than the polycentric model. The dispersive model has greater accuracy in predicting total worker residences than the polycen~c model, although this cannot be tested statistically due to the different dependent variables in each model. The dispersive model underpr~icts the actual total worker residences by 8.69 percent based on distance and 6.82 based on time; whereas the polycentric model overpredicts the actual total by 34.12 percent and 34.45 percent respectively. Hence, the dispersive model is superior to the polycentric model based on the criterion of accuracy on predicting total workers, which is one of the two criteria used by McDonald and Bowman (1976) .
With regard to unknown parameters, the dispersive model has only three (a, ai, oL2); while the polycentric model has twelve for a six-center model. Therefore, it is much easier to obtain reliable estimates for the dispersive density functions than for the polycentric density functions. In fact, it becomes difficult to obtain convergence when a polycen~c density function includes more employment centers, because the number of unknowns in the function increases by twice the number of centers, and the function itself is nonlinear.
Moreover, the polycentfic density function has a potential problem of spatial multicollineafity, as discussed earlier.
The empirical results for parameters a and a2 have two implications. First, the estimated a-values of 0°499 per mile and 0.211 per minute imply that accessibility to job 15 opportunities (or attractiveness of job opportunities) declines 39 percent per mile and percent per minute increase from the workplace, s Result using the time measure (i.e., o~-=0.211) is comparable to those of Dalvi and Martin (1976) , who report tr=0.17 when tol~ employment is used as the measure of attractiveness, and 0t=0.225 when only retail employment is used. No comparable studies have been conducted using a distance measure, although some studies have specified a negative exponential distance decay function where the exponent is determined by experimentation (Brigham, 1965; Ihlanfeldt and Raper, 1990 ).
The second implication relates to the parameter %, which measures the elasticity of worker residence density with respect to accessibility. Table 5 shows that % has an estimated value less than one, implying that worker residence density responds to accessibility less than proportionately. This result also implies that the dispersive density function is not a direct extension of the polycentfie density function. As shown earlier, the former is a "generalization" of the latter when %= 1. Table 5 , however, shows that % is statistically different from 1 even though its standard error is downward-biased by the grid search procedure (Fomby et aL, 1984, pp. 426-43I) . assuming that urban workers not only value access to employment centers but also value access to the overall job opportunities in their location choices. Results show that this model best fits the actual worker residence distribution. The dispersive model is also superior to the polycentric model based on the criterion of accuracy on predicting total workers. These findings imply that overall accessibility to employment opportunities is the primary determinant of residential location choices.
1.
o°.
The literature on the negative exponential density function have used two specifications of the error term in estimation. One assumes a multiplicative error term and estimates the two coefficients of the model by ordinary least squares after taking logarithm of the model; the other assumes an additive error term and estimates the density function by nonlinear least squares. Greene and Barnbrock (1978) show that a multiplicative error term is more appropriate with respect to the criterion of homoscedasticity of the error term in regression models.
As pointed out by Heikkila et al. (1989) , a polycentric density function could postulated under several alternative assumptions regarding the characteristics of centers and their relationship. For the Los Angeles region, Small and Song (1993) suggest that the sum of center-specific functions is a plausible specification.
When a multiplicative form of the error term is used, convergence on the parameter estimation cannot be obtained due to the high degree of nonlinearity in the density functions.
All the deleted zones are remote from the highly developed parts of the region, with the exception of 11 zones which have both zero worker residence and employment and 11 largely undeveloped zones in the Santa Monica mountains which separate the densely developed West Los Angeles corridor (roughly, Hollywood to Santa Monica) from the more suburban San Fernardo Valley.
Using the likelihood-ratio test for non-nested hypotheses developed by Vuong (1989) , Small and Song (1993) have statistically identified downtown Los Angeles as the monocentric center to the region. Following their approach, the same monocentric center is identified in this research, although these two studies use different data sets.
Under the null hypothesis, F is approximately distributed according to a central Fdistribution with degrees of freedom (q, M-p) (Gallant, 1975) . There are two restrictions for each center, a°=b,=0, for centers other than the downtown LOs Angeles. If only a,=0 is imposed, the moment matrix (F'F in Gallant's notation) becomes singular, and b, is unidentified (Gallant, 1975, p. 75) . Hence, , where N is the (unrestricted) number of centers.
I also cannot compare my polycentric estimates with those by Gordon et al. (1986, Table 3 , p. 165) because they estimate a population density function for Los Angeles County only, and the estimates are based on population centers rather than employment centers.
That is because 1-e°4~=0.39, and 1-e°-2~u=0.19. where M is the sample size; ~M and "~u are the ML estimates; f and g are the values taken by the corresponding probability densities for observation m, evaluated in each case at the corresponding maximum-likelihood parameter estimate. Under the null hypothesis (H,:
F0 and Gv are equivalent), Vuong's value is asymptotically distributed according to central normal distribution.
To test the null hypothesis, a critical value c is chosen from the standard normal distribution for some significance level. If the value of the statistic Mzr2LRM(~,~, "~u)loM is higher than c, the null hypothesis is rejected in favor of F0 being better than G.,.
If M'nLRM (~M, "~lor,b eing better than Fs. If O M is smaller than -c, the null hypothesis is rejected in favor of G, I MtnLRu(~.t, ~u)/wM <-c, thenullhypot hesis canno t be re jected.
is the square root of the variance of log[ [(Ym I Z=; ~.O/g(Ym [ Z,.; "~u) ], defined by
